Single and two-mode multiphoton states are the cornerstone of many quantum technologies, e.g., metrology. In the optical regime these states are generally obtained combining heralded singlephotons with linear optics tools and post-selection, leading to inherent low success probabilities. In a recent paper [1], we design several protocols that harness the long-range atomic interactions induced in waveguide QED to improve fidelities and protocols of single-mode multiphoton emission. Here, we give full details of these protocols, revisit them to simplify some of their requirements and also extend them to generate two-mode multiphoton states, such as Yurke or NOON states.
Single and two-mode multiphoton states are the cornerstone of many quantum technologies, e.g., metrology. In the optical regime these states are generally obtained combining heralded singlephotons with linear optics tools and post-selection, leading to inherent low success probabilities. In a recent paper [1] , we design several protocols that harness the long-range atomic interactions induced in waveguide QED to improve fidelities and protocols of single-mode multiphoton emission. Here, we give full details of these protocols, revisit them to simplify some of their requirements and also extend them to generate two-mode multiphoton states, such as Yurke or NOON states.
I. INTRODUCTION
Single-mode photonic states play a capital role in many quantum technologies. For example, single-photons are the prime candidate for the high fidelity exchange of quantum information between distant parties, e.g., in a quantum network [2] , whereas states with large (and fixed) photon numbers [3] [4] [5] can be used to overcome certain limitations of classical light, e.g., the Standard Quantum Limit of phase sensitivity. Experimentally, the generation of single-photons can be achieved with highfidelities and efficiencies [6] due to impressive progress in the integration of single quantum emitters with cavities or waveguides systems [7] [8] [9] [10] [11] [12] [13] [14] . However, extending these protocols to the multiphoton regime is much more challenging and their efficient generation is still an open question [15] . Most advanced methods [16] rely on combining heralded single-photons with beam-splitters and post-selection to achieve high-photon numbers. Unfortunately, these protocols suffer from inherent low probabilities which scale exponentially with the photon number, limiting most of their applications. Therefore, the search for alternative protocols is a very timely issue.
Atomic ensembles trapped near nanophotonic waveguides [17] [18] [19] [20] [21] [22] [23] are well suited for the generation of photonic states: i) atoms have naturally several ground states which can be used as quantum memories, together with several optically excited states which can be used to trigger the emission to waveguide photons; ii) the confinement of guided photons increase the decay rates into waveguide modes, Γ 1d , compared to free space ones, Γ * , which can be further boosted with structured waveguides by designing regions of slow-light [11, 18, 20, 24] ; iii) the interaction with one-dimensional guided photons leads to long-range interactions [25] that in the atomic mirror configuration [21, 22, 26] provides an enhancement of the decay rates of certain atomic states, e.g., symmetric Dicke states, |φ e m ∝ sym{|e ⊗m |g ⊗N −m } where g denotes an atomic ground state and e and an optically excited state. When excited, these Dicke states decay into their ground state, emitting m waveguide photons, which in the low excitation limit [m N ], travel as a single-mode in the waveguide [27, 28] . The difficulty of generating multiphoton states in this scenario thus translates to generating Dicke states with a given excitation number m.
In a recent proposal [1] , we exploited the atom waveguide characteristics (i-iii) to obtain Dicke states with large (and fixed) photon number with high fidelities and probabilities. The common step of the protocols is the probabilistic loading of a single collective excitation into an atomic ensemble by using an auxiliary atom to transfer one excitation through the waveguide, which can be done with probability p when performing a measurement to herald the successful transfer. Then, to achieve highphoton numbers, one can either apply the loading protocol m times to add the excitations into the same level, that results in an overall probability p m . The other alternative consists in loading the collective atomic excitations into several hyperfine levels and combining them a posteriori to circumvent the exponential decrease of probabilities [29] .
In this paper we will revisit these protocols with a three-fold intention: i) first, we will give full details on the protocols of Ref. [1] and numerically certify that the approximations made in Ref. [1] capture accurately the scalings by solving exactly the corresponding master equation governing the evolution; ii) we develop a new protocol that simplifies part of the requirements of the previous ones, e.g., the use of a transition with strongly supressed decay rate; iii) finally, we show how to adapt these protocols to generate directly two-mode multiphoton states, focusing on examples with metrological interest such as NOON [5] or Yurke states [30] .
The paper is organized as follows: in Section II we introduce the atom-waveguide setups, explaining the different ingredients that we use to develop our protocols and their theoretical description. In Section III, we introduce a general framework on how we analyze the figures of merit of the protocols, namely, the errors (or infidelities) and success probabilities. Then, in Section IV, we revisit the protocols of Ref. [1] , providing a detailed description and the numerical certification of the results. We also include here a description of a new protocol in
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Section IV C, which simplifies some of the requirements of previous ones. Finally, in Section V we show how to extend our protocols to generate two-mode states with metrological interest and conclude in Section VI.
II. ATOM-WAVEGUIDE QED
The setup that we consider are atomic ensembles close to waveguides in which one (or several) atomic optical transitions are interacting with the guided modes of these structures, or emitting to free-space photons. We also use additional laser or microwave fields to control the state of the atomic ensemble. These three ingredients can be described in a common framework in which the system dynamics, ρ, is governed in general by the following Master Equation [31] (with ≡ 1 throughout the paper):
corresponding to the coherent dynamics induced by either lasers/microwave fields, H L , the collective dissipation induced by the waveguide modes, L coll [ρ], and the free-space spontaneous emission, L ind [ρ] . We assume the spontaneous emission into free space to be individual for all atoms in the ensemble, i.e., for an optical transition g − e, to read
This assumption may break in the case of subwavelength spacing between the emitters [32] , where strongly subradiant states with highly suppressed spontaneous emission emerge. The combination of these states with our protocol represents an exciting perspective to improve our protocols that we leave for further studies. Our protocols are designed for the atomic mirror configuration [21, 22, 26] , in which the atomic positions are commensurate with the wavelength mediating the interactions, such that the collective Lindblad term, L ind [ρ], for a given optical transition g − e reads
where we have introduced the collective operator S αβ = n σ n αβ , where σ n αβ = |α n β| and where the sum runs over all emitters. One figure of merit to characterize these systems is the so-called Purcell factor, P 1d = Γ 1d Γ * , which is of the order of P 1d ∼ 1 − 100 in engineered dielectrics [20, 24, [33] [34] [35] . The other important parameter is the number of atoms, N , which is of the order of 1000 [∼ 3] in unstructured [structured] waveguides. Along this paper we will work in the limits of N m and P 1d 1, unless stated otherwise.
The last ingredient, that is, the lasers/microwave fields acting collectively on a given ensemble can be written in full generality as
where Ω αβ is the amplitude of the coupling between the states α and β of the ensemble. Eq. 1 can be generally rewritten as the sum of a nonhermitian evolution and jump operators, i.e.,
where H eff contains the effective (non-hermitian) Hamiltonian with the unitary evolution of H L and the nonunitary evolution from the Lindblad terms. For example, for the collective and individual dissipation considered in Eqs. (2) and (3) it is given by
The terms J ind,coll [ρ] describe the quantum jump evolution and are written as
Using this separation, a formal solution of Eq. (1) can be split into the evolution driven by H eff , i.e., S(t, t 0 )ρ = e −iH eff t ρe iH † eff t , and the one resulting from quantum jumps evolution which reads
where
The n-th order of the sum corresponds to the evolution where n quantum jumps have occured. As we explain below, in all the cases we consider here, there is at most a single excitation in the system such that the terms with n > 1 will be identically zero.
III. GUIDELINES TO ANALYZE THE PROTOCOLS
The common configuration of all the protocols analyzed in this paper is to have three different sets of atoms as depicted in Fig. 1 , where each set can be independently addressed. The goal of the protocols is the generation of m collective excitations in an atomic ensemble with N atoms, called the target ensemble. We denote such state as |φ m . To do it, we will herald the transfer of single collective excitations from the source atom one by one, by measuring a given state, |ψ her , in an auxiliary atomic ensemble with N d atoms that we call detector ensemble.
The first step to analyze the protocols consists in calculating the probability of success and fidelities of heralding the addition of single collective excitation to the target ensemble, assuming it already contains m excitations stored in some hyperfine level. This means we initialize in a state, |Ψ 0 = |e s |φ m t |ψ 0 d , where |ψ 0 d is the initial state of the detector ensemble. After letting the system evolve for a time T under the interaction induced by the waveguide, lasers, etc., the atomic state is described by the density matrix ρ(T ) = S(T, 0)ρ m (0) with ρ m (0) = |Ψ 0 Ψ 0 |. We calculate the probability of succeeding in the heralding,
and note, that due to the heralding measurement, we only need to consider the non-hermitian evolution and can assume that no jump has occured. However, the heralded state is in general not perfect and we might have created states in the target ensemble other than the desired one, i.e., |φ m+1 t . This is quantified by the fidelity after heralding, which reads
whereas the error or infidelity is defined as I m→m+1 = 1 − F m→m+1 for adding a single excitation. Once we have analyzed this general step, we consider the complete process to arrive from |φ 0 → |φ 1 → · · · → |φ m and calculate the average number of repetitions, R m to arrive to |φ m and the average infidelity of the process that we denote as I m . Both R m and I m will depend on the way we merge the excitations and changes with the different protocols, as explained in the next Sections. As the error in atom-photon mapping of the Dicke states scales as
[1], our goal is to design protocols which follow at least the same scaling, while keeping a high overall probability, or small number of repetitions R m .
IV. GENERATING SINGLE-MODE MULTI-PHOTON STATES
In this Section we include the discussion of three different protocols to generate m symmetric collective excitations in the ground state, e.g., s, of the target ensemble, i.e., |φ
In Section IV A and IV B we discus two protocols that were already introduced in Ref. [1] . Here, we will provide more details on how to characterize them, and make exact numerical simulations to confirm the analytical scalings provided in the original reference. In Section IV C we discuss a new protocol that simplifies some of the requirements of the previous ones by using two guided modes. (a) General Setup of atoms coupled to a onedimensional photonic waveguide. We depict the splitting into source, target and detector ensembles with 1, N and N d emitters respectively, which can be controlled by external fields independently. (b) Internal level structure of emitters in which the transitions g − e1 and s − e2 are coupled to a waveguide mode. The Rabi coupling between atomic states α and β, denoted by Ω αβ can be obtained through laser or microwave fields. (c) The supression of the decay rate corresponding to one transition can be implemented by using a far off-resonance two-photon transition via a metastable state.
first, we transfer an excitation between the source atom into the target ensemble, and ii) moving the excitation collectively between metastable states of the target ensemble while inducing a change in the detector ensemble, on which we can perform a heralding measurement. In this Section we explain the atom-waveguide resources required, give an overview of the protocol, and then analyze the scaling of the different parts.
Atom-waveguide resources We require an atomic level structure as depicted in Fig. 1 (b) : two optical transitions g−e 1 and s−e 2 are coupled to the same waveguide mode, with rate Γ 1d . The excited states e 1 , e 2 can be also coupled to c with a Raman laser Ω ce 1/2 respectively. Finally, an extra metastable, s 1 , state is required which can be coupled to s through a microwave field Ω ss1 .
The excited states, e 1 , e 2 can decay to the ground states s, c, g with a rate Γ * . However, it will be important for the protocol that the spontaneous decay rate of the c − e 1 transition is suppressed by a factor α [27, 36, 37] , which can be obtained, e.g., by using an off-resonant two-photon transition through an intermediate state as schematically depicted in Fig. 1(c) .
Overview of the protocol To minimize errors and, at the same time, obtain a large success probability of the loading of single collective excitations, we need to add a few preparatory and intermediate steps beyond the two steps that we described above. Assuming that we start with |c s |φ s m t |s ⊗N d , the full protocol reads:
(a) First, we collectively transfer the excitations of the target/detector ensemble in s to s 1 with Ω ss1 . This is needed to effectively decouple the detector ensemble from the dynamics when the excitation is first transfered from the source to the target ensemble. This results in
(b) Next, the source atom is excited by a fast π-pulse, such that:
(c) Just after that, the laser Ω (t) ce1 in the target ensemble is switched on under the Quantum Zeno conditions which we explain below. As we show below, by choosing the appropriate timing, the excitation can be completely transfered to the target ensemble as
where the superindex (t) denotes the ensemble on which the operator acts.
(d) To be able to herald the successful transfer, we need to induce a change in the detector ensemble on which a heralding measurement can be performed.
For this purpose, we use the second optical transition e 2 −s. In order to make the target and detector ensemble interact, we move back the excitations in both the target/detector ensemble from s 1 → s by applying a π-pulse with Ω ss1 . Furthermore we decouple the source atom by moving g → c. The resulting state is
(e) Next, the target ensemble is excited by a fast π-pulse on the transition c − e 2 and the excitation is transferred to the detector ensemble again under the Quantum Zeno Dynamics with an external driving Ω
ce2 on the c − e 2 transition of the detector ensemble. This joins the additional excitation to the collective state of the target ensemble, i.e.
. (16) (f) The final step consists of a measurement on the state c of the detector ensemble. There can only be an excitation in c if the excitation was transferred in the previous two steps collectively and thus we are guaranteed to have successfully added a symmetric excitation.
Only the steps (c) and (e) require non-local interactions mediated by the waveguide. The rest of the steps just require π-pulses with either individual and collective drivings. For simplicity in the discussion, we assume that they can be done without introducing additional errors. In practical terms, this requires that the modulus and phase of the Rabi coupling can be controlled on the level of (N P 1d ) −1 to achieve the desired scaling. Then, the probability of successfully heralding the excitations, p m→m+1 , is the product of the probability in the steps (c) and (e), and the overall error, I m→m+1 , is approximately the sum of the errors in each step.
Finally, to achieve m excitations one needs m successful heraldings and in case of a failed detection, one must start over in |φ 0 t . This implies that the overall probability scales exponentially with m as p m = m−1 k=0 p k→k+1 , whereas the error is approximately the sum in each step,
Now, we proceed to analyze the probabilities and errors in steps (c) and (e), obtaining analytical approximations and numerically checking them with exact master equation simulations.
Success probabilities in steps (c-e) The two steps (c) and (e) are based on Quantum Zeno dynamics [38] and can be described as particular cases of a more general situation that we consider in Appendix A, to which we refer the interested reader for full details of the calculation. To provide an intuitive picture on how the calculation works, we illustrate the main points studying step (c).
In step (c), the initial state of the source/target atoms, which are the only ones participating in this step, is |e 1 s |φ s1 m t . Then, we switch on the laser Ω (t) ce1 in the target ensemble and let the system evolve under the evolution of the laser plus waveguide dynamics. The effective non-hermitian Hamiltonian is given in this case by:
It can be easily shown that, H eff , only connects the initial state with |g s S (t) e1g |φ s1 m t and |g s S (t) cg |φ s1 m t , such that its evolution can be easily obtained for all parameter regimes. Furthermore, when Ω
, the dynamics is constrained by the strong dissipation to move within the so-called decoherence-free subspace, which in this case is given by the states,
Using this restricted evolution, one can obtain analytical expressions for the populations of the different states as a function of time (see Appendix), which can be compared to the exact numerical solution. The decay of the probabilities is attributed to two mechanisms: on the one hand, the emission of free-space photons, occurring at a rate Γ * , and on the other hand, there is always a small population in the superradiant state, which decays at a rate
. It can be shown that the optimal Ω (t) ce1 to minimize errors is the one for which the population of the desired state, |g s S
This gives us the probability of succeeding in this step for a given P 1d and N m , which reads:
In Fig. 2 we compare the populations and optimal probabilities obtained by solving the complete (effective) Hamiltonian evolution of Eq. 17 and by solving the approximated evolution obtained under Quantum Zeno dynamics. We observe that the agreement between the two approaches in the regime of parameters we are considering is excellent. Moreover, we observe that p c ≈ 1 when P 1d
1. The mechanism behind step (e) is the same as in step (c), just interchanging the role of the source/target atoms by the target/detector ensemble, which results only in small differences in the prefactors. Thus, to avoid unnecessary repetitions, we write the optimal probability in this case without giving more details here, which reads The interested reader can go to Appendix A where these steps were considered in full generality. Summing up, the overall success probability to go from m to m + 1 scales as:
Errors in steps (c-e) As we explained in the overview, in case of unsuccessful detection one needs to pump back all the excitations in the target ensemble and restart the protocol from the beginning. Thus, it is easy to check that the only possible errors which cannot be corrected through post-selection in this protocol are individual quantum jumps in the e 1 − c transition of the target ensemble, which we assume to be supressed by a factor α. These errors would appear in step (c) when the target ensemble is excited. The individual or collective quantum jumps in any one of the other transitions is incompatible with the detection of population in level c of the detector ensemble at the final step and, as such, they will not contribute to the infidelity. Using Eq. (9), one can calculate the probability of emitting a leaky photon from e 1 to c in step (c) to be
where the main contribution comes from spontaneous emission while the laser Ω (t) ce1 is switched on. The population in the excited state of target ensemble, |g s S (t) e1g |φ s1 m t , which we denote by |c e,target (t)| 2 , can be calculated either with the exact numerical evolution, or using the analytical approximation obtained within the Quantum Zeno formalism. Further contributions to p c, * arise from spurious excitations remaining in e 1 after the laser is switched off, but can be neglected as we show in the appendix. Note, that we have already taken into account the reduction factor α of the spontaneous emission in this optical transition. We finally obtain
In Fig. 3 we plot the probability p c, * obtained from an exact numerical calculation using Eq. (21) This can reach the desired scaling when the spontaneous emission of this c − e 1 transition can be strongly suppressed by a factor of α ∼ 1/ √ P 1d . Becaus there are several proposals on how to implement this supression [27, 37] , we only shortly discuss how a two-photon transition (as sketched in Fig. 1c) can be used. In this case, the state c is connected to the excited state e 1 through a twophoton transition via the intermediate state a. The level c is chosen, e.g., such that the direct transition c ↔ e 1 is dipole forbidden. Then, denoting as Ω 1 (Ω 2 ) the Rabi frequency connecting |c ↔ |a (, |a ↔ |e 1 ), and choosing a detuning ∆ a Ω 1 , Ω 2 , the microwave and Raman laser induce a two photon transition between c ↔ e 1 with effective driving Ω a = Ω1Ω2 4∆a and a reduced emission rate Γ c = αΓ * , where the supression α = 
The total success probability p m = 
As we explained initially, the goal is to obtain, at least, the same error scaling in the generation of the atomic excitations as in the subsequent atom-photon mapping, that is, ε ph ∼ m N P 1d
. Thus, it is enough that the cancellation of spontaneous emission in the c − e 1 transition is reduced by a factor α ∼ 1/ √ P 1d .
B. Protocol 2: Excitations added using quantum memories
Even though the overall probability, p m , of protocol 1 can be large for systems with P 1d , N 1, it is still scaling exponentially with the photon number m. In protocol 2, we take advantage of the existence of several hyperfine levels, that can work as quantum memories, to design a protocol which circumvents the exponential scaling [1, 29] .
The main difference is that instead of loading the collective excitations into the same hyperfine level s 1 , we store them in different ones {s n }, and them combine them a posteriori using post-selection in a tree-like structure (see below). The key to avoid exponential scaling is that in case of unsuccessful heralding, the coherence of the excitations is not heavily affected such that one can try to load it again without starting from the very beginning.
Atom-waveguide resources The atomic level structure that we require for this protocol is similar to the one used in protocol 1 [see Fig. 1 ], with the extra requirement of a set of hyperfine levels, {s n } n , in which one can store collective excitations. It is important to emphasize here that these levels can also be different vibrational states of the atoms, which enlarges the set of available states to store excitations. Another advantage with respect to the previous protocol is that a single detector atom, instead of an ensemble, suffices.
Overview of the protocol Here we present a general overview of the protocol, which has several differences with respect to protocol 1 to be able to reach the desired scaling of infidelities. The first one is that to analyze the loading of single collective excitations we assume to start in a state |φ {sn} m t of the target ensemble, where m excitations are stored in several metastable states, denoted as {s n }. Starting with this state, the protocol works as follows:
(a) The first step is the same as in the previous protocol, but the transfer of population in the target ensemble is not needed as the excitations are already stored in different states. Thus, we only change the state of the detector atom to decouple it from the waveguide dynamics in this step, i.e., 
(b) Next, the source atom is excited with a fast π-pulse,
(c) Immediately after that, the laser Ω
This is actually the same step as in protocol 1.
(d) Now, we change again the state of the detector atom, such that it can interact with the waveguide photons and decouple the source atom as
(e) To trigger the change of the detector atom, one needs to modify the previous protocol as otherwise the errors from spontaneous emission events are too large as we explain below. After exciting the target ensemble from c to e 2 , we use fast π-pulses between the c − e 2 transitions of both the target and detector ensemble instead of relying on the slow Quantum Zeno Dynamics. This switches the interaction through the collective dissipation effectively on and off. The consequence is a reduction in the success probability, but also in the errors. We obtain
where the {s n } are the same as the {s n } with one additional collective excitation in level s.
(f) The measurement step is the same as in the previous protocol and we denote the probability for successfully heralding as q m→m+1 .
(g) This protocol has an extra step in case of unsuccessful heralding: one has to apply a repumping scheme before starting again with the first step. This has to be done carefully to avoid introducing extra errors that will spoil the fidelities.
(h) Finally, to avoid the exponential scaling the excitations stored in {s n } have to be combined in a tree-like structure that circumvents the exponential scaling as we show below.
As in the previous protocol, we assume that all the local operations can be performed perfectly, and only consider the errors and success probabilities of the non-local operations induced by the waveguide.
Success probabilities of step (e) As mentioned, step (c) is the same as in protocol 1, which we already analyzed in detail there. Thus, we only analyze here the new step (e). In this step, we first apply a π-pulse on the target ensemble with Ω (t) ce2 , which excites the target ensemble as S
e2g |φ {sn} m t |s d . As the source atom is decoupled, we don't write it for simplicity. Then, we leave the system to evolve under the interaction induced by the waveguide, which is given by the following effective Hamiltonian 
To stop the evolution, we apply a fast π-pulse on the c − e 2 transition of both the target and detector ensemble, which transfers any population in e 2 to c. As the interaction time we choose a time which leads to the correct error scaling. It turns out that this is achieved for
1d at which point the probability of success of this step is given by
Thus, the success probability in heralding a single excitation in this protocol is given by the combination of step (c) and (e), that is,
Errors
In case of successful heralding, the only possible error is the one that we already considered in protocol 1, that is, incoherent emission in the e 1 − c transition, which leads to an error p c, * = α N √ P 1d
. However, in case of unsuccessful heralding, as we want to still use the remaining excitations stored in {s n }, one must keep track of all the possible errors that can accumulate in the failed attempts before succeeding.
There are three possible sources of errors that accumulate in each attempt. The first one is the incoherent emission in step (c), which we already showed in the previous protocol scales as p c, * ∝
. The second one is the probability of spontaneous emission in the target ensemble in step (e), which can be calculated analytically using
Note, that we have chosen T f in such a way that p e, * ∝ 1/P 1d which is important to obtain the desired scaling of errors, ≈ m N P 1d . This is the reason for modifying step (e) with respect to protocol 1, as when using Quantum Zeno Dynamics the probability of spontaneous emission in this step would scale as 1/ √ P 1d . Using the effective non-hermitian evolution of Eq. 30, one can also show that the largest quantum jump probability in step (e) is given by the collective quantum jumps in the target ensemble, which is p coll ≈ 0.71. Thus, if we are able to pump these atoms coherently back to s, one can still keep high fidelities in spite of the failed attempt. To do this one must apply a repumping procedure in the target atoms (depicted in Fig. 4 ) to take advantage of the collective interactions induced by the waveguide:
1. We apply a π-pulse on the c ↔ e 1 transition and let the excitation decay superradiantly to g.
2.
Once we have made sure that no excitation remains in c, we move any excitation in s to c.
And finally the first step is repeated and all excitations should have ended up in g.
(b) 4 4 ... The leading order probability of a spontaneous emission event during this repumping process is
Thus, the overall reduction in the fidelity of the collective excitations of the target ensemble due to spontaneous emission events in each failed attempt is then * ≈ (p c, * + p e, * + p * ,pump )
where the m/N factor appears because of the overlap of the initial state with the one obtained after a spontaneous emission event. Typically, p e, * is the largest contribution leading to an infidelity scaling with ∝ m/(N P 1d ) as we were aiming for. Thus, the final infidelity taking into account the successful detection and the fact that we need to try an average of 1/q m→m+1 times is
Combining excitations through post-selection The second part of this protocol is to design ways to combine the m excitations distributed over the metastable states {s n } of the target ensemble to achieve high-photon numbers in a single hyperfine level while avoiding the exponential scaling. At this stage, it is convenient to use the fact that we are interested in the low excitation limit, m N , where the Holstein-Primakoff limit [39] is valid. This means that we can approximate collective atomic operators by bosonic operators, i.e., S
We focus on accumulating m excitations in a single state, i.e., a state (a † s ) m |vac . The tools we are going to use are collective microwave or laser drivings that can generate either displacement operators of a single mode or lead to beamsplitter-like transformations. The former are obtained by a weak external driving between the state of interest and the ground state g. The latter by directly applying, e.g., two photon Raman processes between the states (modes) of interest. Furthermore, we can read out the atomic state very efficiently by pumping to an excited state that emits a collective photon through the waveguide in a cyclic transition. With this, one can verify that a mode (i.e., metastable state) is empty, effectively acting as a projection operator P 0i on mode i. Thus, these tools provide a similar set of tools as the ones used in linear optics protocols with the advantage of having the excitations stored in the metastable states s i .
One possible way to combine excitations is to use a tree-like structure as depicted in Fig. 4b . The idea is to double the number of excitations in each step such that one can reach m excitations in log 2 m steps and one does not need to start from the beginning if combining excitations fails, but only in the corresponding branch of the tree. The first building block is to study the process that adds up two states with k excitations, i.e., |k, k → |2k, 0 , for which the success probability (using a 50 − 50 beamsplitter) is upper bounded by
Under Stirling's approximation, we can see that q k ≈ 1/ √ πk → 0 for large excitation numbers. The mean number of operations to arrive to a state with m excitations can be calculated recursively as R m = q 
where we used that q m < q m/2 , q 1 = 1/2 and that one needs log 2 m steps to arrive to m excitations. The combination of a logarithmic number of steps with the polynomial decrease of probability leads to the superpolynomial, but subexponential, scaling of R m . It can be shown [29] that by combining the doubling steps with single-mode coherent displacement operations one can also prepare arbitrary superpositions of single-mode states.
Finally, we present a way of overcoming the superpolynomial scaling by requiring number resolved detection. The idea is that in each doubling step of the tree, to go from k to 2k, instead of throwing away all the states in which one does not detect zero excitations in the other mode, we keep the states in which the excitation is less than a given fraction of the original excitations, i.e., βk. Like this, we are certain we have at least (2 − β)k excitations in the other mode. The price to pay is that the number of steps in three scales in a less favourable way, as we require log 2−β m steps to reach m excitations. However, the probability of detecting β excitations, given by
, can be made independent of m (e.g., by choosing β = 1/2, this probability is s 1/2 ≈ 1/3). Combining these features, the average number of steps
is minimized for β ≈ 0.238, leading to a scaling as R m ∼ m 3.86 . Thus, by using number resolved detection one can obtain a polynomial scaling in the mean number of operations (see also [40] ), which is a big improvement, especially if one wants to scale the protocol to very large excitation numbers.
Summary of the figures of merit of the protocol To summarize this protocol, we have shown how for systems with N, P 1d 1, the successful loading of single collective excitations can be done with probability and infidelity scaling (on average) as
(42)
The total success probability to achieve m excitations, q m ∼ R −1 m depends in this case on the way one merges the atomic excitations. One is able to obtain either a polynomial or superpolynomial scaling depending on whether number-resolved excitations is used or not, which also determines the total infidelity that will be proportional to I m ∝ R m /(N P 1d ).
C. Protocol 3: Excitations added directly with two guided modes
We conclude this Section presenting a protocol which avoids the requirement of a transition with strong supression of spontaneous emission in a specific transition, at the expense of using an extra waveguide mode. The key point consists of transferring the excitation from the source to the target ensemble, while inducing a change in the detector atom in a single step. This single-step transfer can be used either to add excitations directly to the same hyperfine level or to store them in several quantum memories to afterwards join them as described in protocol 1 and 2. To avoid unnecessary repetitions, we will focus on the later case; that is, we start in |Φ {sn} m t and only discuss the heralded loading of a single excitation.
Atom-waveguide resources
The atom-waveguide configuration required for this protocol is depicted in Fig. 5 : a Λ-system, in which two Figure 5 .
(a) Level structure required for protocol 3: Λ system for which two different waveguide modes are coupled to the transitions s − e, g − e, with rates Γ s,g 1d respectively.
different waveguide modes are coupled to the s − e, g − e, with rates Γ s/g 1d respectively. We also need auxiliary levels, {s n }, to store the excitations. Moreover, we require that the s-state of the source and the g-state of the detector can be shifted out of resonance so that unwanted transitions are avoided.
Overview of the protocol The use of a single-step transfer reduces substantially the complexity of the protocol, which now consists only of the following steps: 
(b) Just after that, we switch on Ω
ge under the Quantum Zeno conditions. By choosing an appropriate time, the excitation is collectively transfered to the target ensemble, while inducing a change in the detector atom as
(c) Then, we perform a measurement on the detector atom. If we measure an excitation in g, we know we have succeeded. If not, we pump back the target atoms and try again until we succeed.
Success probabilities
The main part of this protocol is step (b). In this step, the effective non-hermitian Hamiltonian governing the evolution is given by:
It can easily be shown (see Appendix for details) that H eff only couples the initial state to 3 other states, including the one we aim for, |ψ goal ∝ |g s S regime, that is,
, we can show that the dynamics is restricted to the so-called decoherence freesubspace formed by |ψ goal and a dark excited state appearing between the three ensembles, that is,
Remarkably, this dark state is independent of the ratio of Γ g,s 1d , unlike the two orthogonal superradiant states that appear, which depend on that ratio. Moreover, the overlap of |ψ d with the initial state is large, so that large probabilities can be obtained. Using this restricted two dimensional Hilbert space formed by |ψ d and |ψ goal , it is possible to obtain analytical expressions of the populations and probabilities. There, one can extract that the optimal ratio between the decay rates is Γ
and the optimal driving strength is Ω
, which correspond to the situation where the decay coming from leaky photons, Γ * , and the one induced by populating the superradiant states is the same. With those parameters, the population of the decoherence-free states is finally given by
Therefore, by choosing a time
1d Γ * , one maximizes the probability of the heralded transfer
where P 1d = Γ g 1d /Γ * . In Fig. 6(a-b) we compare the both the population dynamics and optimal probability using an exact numerical calculation (marker) and the analytical approximations of Eqs. (48) and (49) showing an excellent agreement.
Errors
As in the previous protocols, the problematic quantum jumps leading to errors are the ones that appear from spontaneously emitted photons from excited states of the target ensamble, that is, the population of the state |g s S (t) eg |φ {sn} m t |g d . The biggest contribution to the decay of this state is given by its overlap with |ψ d , which can be shown to scale with 1/ √ N m . Thus, using Eqs. (48) the final probability of spontaneously emitting a photon reads (see Appendix for details):
which is confirmed numerically in Fig. 6 (c).
If we want to recycle the excitations stored in {s n }, we have to apply a repumping procedure, which does not introduce further errors. In this case, it can be done also in a single step by pumping collectively the atoms from s → g , which moves S sg |φ m → S eg |φ m → |φ m . Because this process is done through a collective photon the probability of emitting a free space photon is given by p pump, * ∼ 1 N P 1d
. Thus, the final fidelity of the heralded transfer of a single collective excitation is given by:
for systems with P 1d , N m 1.
V. EXTENSION TO TWO-MODE PHOTONIC STATES
Up to now we have developed different methods to prepare an atomic state in one specific metastable state that can be triggered to emit the desired photonic state in a single mode. An exciting prospect is to extend these protocols to generate entangled states of several atomic excitations that can afterwards be triggered to emit, e.g., into orthogonal waveguide modes with different polarization and/or frequencies. This will enlarge the set of photonic states that can be prepared using different guided modes. We emphasize that the mapping from symmetric Dicke states to photonic states of the waveguide in the low excitation regime can be straightforwardly generalized to the mapping of two-mode Dicke states, |φ
⊗N to a product of photonic states in the two modes. This originates in the fact that the decay operators commute when applied to a symmetric Dicke state, i.e. S s ↑ g , S s ↓ g |φ s ↑/↓ m,n = 0 when m, n N (see also Reference [27] ).
The goal of this Section is to extend our protocols for adding a single excitation |ψ → a † |ψ to adding a single excitation over two modes in a heralded way, i.e.
For simplicity of notation, we assume that we work in the low excitation regime, in which the Holstein Primakoff Approximation [41] can be applied, and we approximate the collective spin operators by bosonic operators, i.e., S sig ≈ √ N a † i . First, we explain the atom-waveguide resources required. Then, we will show how to adapt the heralded generation to the case of adding a superposition, and finally, we discuss how to apply these tools to generate certain photonic states with potential for metrology beyond the Standard Quantum Limit.
A. Atom-waveguide resources
The generalization of these protocols requires a more elaborate level structure as depicted in Fig. 7 . It consists of mirroring the level structure required for single-mode multiphoton emission required in protocols 1 and 2, in which one side couples to a different guided mode. For simplicity we assume the same decay rate Γ 1d on both sides, though this is not an important point for the proposal.
B. Generalization of Protocols
For the generalization of the protocols, we focus on directly adding an excitation to the two relevant modes through the waveguide photons. We have shown in Section IV, that one can perform the following operation: transfer a single excitation from the source atom collectively to the s ± state in the target ensemble while inducing a change in the detector atoms, from s ± to |c ↑/↓ . We denote this operation as:
where we are not writing explicitly the state of the source and target ensemble if some error occurs, as we will be able to post-select them with the measurement. For notational simplicity, we write the state of the detector ensemble as if it only contained one emitter, whereas it actually contains N d emitters. All other possible initial states during the protocol will not change under C ↑/↓ . It is important to emphasize that the measurement is not performed after each C ↑/↓ but just after both operations have been performed as otherwise the superposition would be destroyed.
The protocol starts by preparing a superposition state in the source atom, i.e., (α ↑ |c ↑ + α ↓ |c ↓ ). The states in target ensemble are assumed to be in a given state, |ψ t , which may already contain excitations in other hyperfine levels, while the rest are in g. The steps of the protocol can be summarized as follows:
(a) We start transferring one of the states, e.g., c ↑ . For that, we prepare the detector atoms in c ↑ as well, and applyĈ ↑ such that
For the orthogonal mode, we need to transfer the excitation in s ↑ to s ↓ in the detector ensemble to be able to herald the excitation in c ↓ at the end. We note, that the popoulation in c ↑ of the detector ensemble will not be affected by later transitions. The new state iŝ
where we usedÔ 1 to denote this operation.
(c) Now, one can applyĈ ↓ which results in
Now the excitations have been added but each of them are associated to two different metastable states in the detector atoms. In order to be able to post-select them at the same time, one needs to apply a 50:50 beam splitter between the c ↑ and c ↓ states of the detector such that
which we denoted asÔ 2 . After this operation, one can herald the transfer of excitation by measuring the state g of the detector atoms as we desired.
We emphasize here again that the measurement has to be performed after all the operations to avoid destroying the superpositions between the ensembles. Furthermore, we would like to point out that in case no excitation has been detected in c ↑ , one can still measure the state c ↓ of the detector atoms, and if this heralding is successful one would generate the state
Depending on the goal state this state could still be useful and one would avoid a reduction in the probability by a factor of 2. The success probability scales in the same way as for the single mode preparation, as the operation is only applied twice compared to once for single mode states with a factor of 2 for some states.
C. Examples with metrological interest
One of the main motivations to obtain two-mode multiphoton states of light is the possibility of measuring phases, φ, beyond the limits of classical light [42] . It is well known that classical sources can only achieve the so-called Standard Quantum Limit , i.e., ∆φ ∝ 1 √ n with n being the number of photons. However, certain twomode states of light can show a higher precision, and even reach the Heisenberg scaling, that is, ∆φ ∝ 1 n . In this Section, we see how one can obtain some of these states of metrological interests using our protocols.
The simplest states to obtain are the so-called HollandBurnett states [4, 43, 44] , which are obtained by applying a beam splitter transformation on a dual Fock state |ψ HB ∝ B|m, m , i.e. n = 2m, which can be shown to achieve a precision given by ∆φ = 1 √ n(1+n /2) . As dual Fock states are separable states we can obtain them using our protocols 1-3 to achieve single-mode multiphoton states in the two metastable states s ↑/↓ separately.
Another class of non-classical states with improved precision are Yurke states, i.e., |ψ Yurke ∝ |m, m − 1 + |m − 1, m , where n = 2m. These states do not reach the Heisenberg limit, but scale in the same way, i.e., ∆φ = 2 n [30] (at least when φ ≈ 0). We note that the Yurke state can be written as
We note here, that the factor of 2 we mentioned for the general protocol can be avoided here because the state |m, m − 1 − |m − 1, m can be transformed to the Yurke state by a phase shift operator exp(−iπa † ↑ a ↑ ) (e.g., through driving an optical transition off-resonantly).
As the dual Fock states can be generated efficiently with our protocols (see discussion on Holland-BurnettStates), one only needs to add one single excitation over the two metastable states at the end. Other proposals for the generation of Yurke states using linear optical setups, e.g., by photon substraction [45] are also possible by using the transitions between metastable states.
Finally, NOON states i.e. |ψ NOON = |n :: 0 ∝ |n, 0 + |0, n , are the only ones that reach the Heisenberg limit i.e. ∆φ = 1 n . Using the fundamental theorem of algebra they can be written as follows:
Thus by adding excitations one-by-one over two modes with the appropriate phase, one can generate these states using the extension of our protocol in an exponential number of steps. In [46] , it is shown, that one can "double" a NOON-state, that is joining two states of the form |m :: 0 to obtain |2m − 2 :: 0 , heralding on a twofold detector coincidence measurement. By using this method together with the metastable states acting as quantum memories, one can obtain NOON-states in a superpolynomial, but subexponential, mean number of steps. This is very similar to the single-mode scheme: The probability of joining the two states is
.
As the phases when adding or doubling states to obtain a NOON-states are very important, the single-mode scheme for a polynomial scaling of the mean number of steps cannot easily be extended to two modes.
VI. CONCLUSIONS & OUTLOOK
Summing up, in this work we have revisited the methods discussed in Ref. [1] to obtain single mode multiphoton states with large photon numbers using atomwaveguide resources. In particular, we have expanded the discussion of the protocols by providing full details of all the subtleties: error sources, repumping procedure, etc. Importantly, we have also provided numerical evidence that the formulas given in [1] actually capture the right scaling using exact simulation of the dynamics. Moreover, we have presented a new protocol which simplifies some of the requirements of the previous protocol, i.e., a strong supression of spontaneous emission into a specific state, at the expense of requiring another strongly coupled guided mode. Finally, we have shown how to extend our protocols to directly generate superpositions of atomic excitations that can afterwards be triggered to two-mode entangled states in the waveguide. Though we have focused on the protocols harnessing long-range collective dissipation, one can also export these ideas to other waveguide setups in which one exploits the longrange coherent interactions [47] . An exciting prospect of this work is to combine these protocols with the existence of free-space subradiant states [27, 32] in which spontaneous emission is highly suppressed to boost even more the fidelities and probabilities of the protocols. For the generalized Zeno
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Step we consider two ensembles with three-level atoms with one transition coupled to a waveguide mode.
N b Γ 1d , the superradiant state can be adiabatically eliminated, which leads to an effective decay rate into the waveguide of the otherwise dark state |φ 3 with rate , yielding
which can then be particularized to the evolution in the corresponding steps of the protocols.
Quantum jump evolution: errors
To properly analyze the errors of the protocols using Quantum Zeno Dynamics, it is important to know the probability of spontaneous jumps in both ensembles during the evolution. Typically, the problematic processes are the ones associated to leaky photons. The quantum jump analysis shows that the probability for a spontaneous jump in the ensemble a or b is given by p a, * = p a1, * + p a2, * = Γ * is switched on, and the second part, p a/b2, * , comes from population remaining in the excited state after the external field has been switched off and which will decay exponentially until all the population in the excited state, if any, disappears. Here, we have already assumend that there remains no population in the dark state, i.e. |ψ d (T )| = 0, and the decay only comes from the overlap with the superradiant state. By using the approximations for H eff , we can calculate the different contributions and upper bound the probabilities from these processes as
which mainly comes from the contribution of the dark state and where the last approximation is valid for P 1d 1. This also shows why step (e) of protocol 2 needs to be modified: When the first ensemble is the target ensemble, the probability of a spontaneous emission event has bad scaling. Finally, we need to consider what happens with the contribution p a2, * when P 1d
1, and when we assume a perfect timing, T = π/ (k + 1)Γ 1d Γ * such that no population remains in the dark state, |φ d (T )| 2 = 0. The only contribution remaining is the one of the superradiant state |φ s (T ) = 
which are negligible compared to p a,b1, * for sufficiently large N b .
